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We investigate the energy loss characteristics of warm dense matter (WDM) and dense plasmas
concentrating on the influence of electronic correlations. The basis for our analysis is a recently
developed ab initio Quantum Monte-Carlo (QMC) based machine-learning representation of the
static local field correction (LFC) [Dornheim et al., J. Chem. Phys. 151, 194104 (2019)], which
provides an accurate description of the dynamical density response function of the electron gas at the
considered parameters. We focus on the polarization-induced stopping power due to free electrons,
the friction function, and the straggling rate. In addition, we compute the friction coefficient which
constitutes a key quantity for the adequate Langevin dynamics simulation of ions. Considering
typical experimental WDM parameters with partially degenerate electrons, we find that the friction
coefficient is of the order of γ/ωpi = 0.01, where ωpi is the ionic plasma frequency. This analysis is
performed by comparing QMC based data to results from the random phase approximation (RPA),
the Mermin dielectric function, and the Singwi-Tosi-Land-Sjo¨lander (STLS) approximation. It is
revealed that the widely used relaxation time approximation (Mermin dielectric function) has severe
limitations regarding the description of the energy loss properties of correlated partially degenerate
electrons. Moreover, by comparing QMC based data with the results obtained using STLS, we
find that energy loss properties are not sensitive to the inaccuracy of the static LFC at large wave
numbers k/kF > 2 (with kF being the usual Fermi wave number), but that a correct description of
the static LFC at k/kF . 1.5 is important.
PACS numbers: xxx
I. INTRODUCTION
The past two decades have witnessed a substantial de-
velopment in experimental and theoretical research of
high-energy-density plasma physics [1–5]. Of particular
importance is the so-called warm dense matter (WDM),
which has emerged as a topic of high interest and of ac-
tive investigation. This is, among other reasons, due to
the complicated interplay of thermal excitations, quan-
tum degeneracy effects and Coublomb correlations (see,
e.g., Ref. [6]). From an astrophysical perspective, WDM
exists in the interior of giant planets [7, 8], and white as
well as brown dwarfs [9, 10]. Moreover, WDM as well
as partially degenerate dense plasmas are produced in
inertial confinement fusion (ICF) experiments [11].
In this context the energy loss of ions in dense plas-
mas and WDM constitutes one of the key properties for
the design of experiments and for the understanding of
the time evolution of the plasma [12–15]. Thus, various
methods have been applied to investigate the stopping
power, such as molecular dynamics (MD) simulations
[16, 17], the binary collision approximation [12, 15, 17],
time dependent density functional theory (TD-DFT)
based MD simulations (TD-DFT-MD) [18], nonequilib-
rium Green functions methods [19–21], dielectric function
approaches [22–26], and combinations of various meth-
ods, e.g. [27–29]. In contrast to the case of classical
plasmas, an ab initio description of the stopping power
in WDM and dense plasmas with partially degenerate
non-ideal electrons remains an unsolved problem to this
date, as TD-DFT-MD simulations remain computation-
ally expensive and no reliable time dependent exchange-
correlation functionals (potentials) exist [4, 18, 30].
The stopping due to free particles constitutes the dom-
inant mechanism of energy loss in highly ionized media
such as dense plasmas and WDM [12, 29]. In addition,
the contribution of ions is important at small velocities
(compared to the thermal velocity of the electrons), while
at intermediate to large velocities the projectile stopping
is mainly due to electrons (see, e.g., Refs [12, 29]). Be-
cause of the latter, the electronic contribution to the stop-
ping power is dominant during the initial heating and
compression in indirect ignition scenarios of ICF. This
particular stage of ICF is characterized by the occurrence
of degenerate dense plasmas with correlated electrons,
i.e., a path through the WDM regime. Therefore, for an
adequate description of energy deposition in ICF exper-
iments, the computation of the energy loss due to the
warm dense electrons is highly needed. However, such
investigations have hitherto been prevented by the lack
of ab initio data for the dynamic properties of electrons,
in particular the dynamic density response function.
The situation has changed with the recent progress in
Quantum Monte Carlo (QMC) simulations of electrons
at WDM parameters, e.g., Refs. [4, 31–38]. More specif-
ically, Dornheim, Groth, and co-workers [32, 33] have
presented the first accurate results for the dynamic den-
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2sity response of the uniform electron gas in the WDM
regime based on extensive path integral Monte Carlo
data, without any approximation regarding exchange–
correlation effects. This was achieved by reconstructing
the dynamic local field correction (LFC) G(k, ω)—the
key quantity regarding the linear response of correlated
electrons. Moreover, the same authors have found that,
often (except for low density), (in particular at WDM
conditions) the exact static limit G(k) = G(k, 0) is suf-
ficient to accurately estimate the dynamic density re-
sponse [32, 33], and have subsequently presented a highly
accurate machine-learning based representation of G(k)
covering the entire relevant parameter range [31].
In this work, we utilize these new results to carry out a
detailed investigation of the energy loss properties of free
electrons in the WDM regime. In particular, we focus
on the stopping power, straggling rate, and the friction
function.
We have performed this analysis by comparing QMC
based data to widely used models such as the Singwi-
Tosi-Land-Sjo¨lander approximation (STLS) [39, 40] from
dielectric theory and the relaxation time approximation
(RTA) [41]. This allows us to gauge the applicability of
the RTA (Mermin dielectric function) for the description
of the energy loss properties of electrons at WDM con-
ditions. Additionally, comparing QMC results to STLS
based data, we investigate the question: what is the re-
quirement for a static LFC model to provide an accurate
description of the energy loss properties of an electron gas
at the considered WDM and dense plasma parameters.
Another important property is the friction force acting
upon an ion due to the surrounding electrons. Although
it was recently found that the inclusion of dissipation
effects due to friction is critical for an adequate descrip-
tion of the dynamics of non-ideal ions in WDM and in
dense plasmas [5, 42–45], the friction coefficient at these
parameters has not been investigated so far. Instead,
a simplified expression for the friction coefficient within
the Rayleigh model [46] was used [5, 42, 43]. This is po-
tentially worrying, as this approximation for the friction
coefficient does not take into account electronic degen-
eracy and correlation effects. Therefore, in addition to
the stopping power and straggling rate, we present the
first results for the friction acting on an ion due partially
degenerate and correlated free electrons in this work.
After introducing the dimensionless parameters and
briefly covering the underling theory in Secs. II and III,
we present our new results and the corresponding ex-
tended discussion of the stopping power, straggling rate
and friction properties in Sec. IV. In Sec. V, the implica-
tions of the obtained results for the Langevin dynamics
of ions are discussed. The paper is concluded with a
summary of our main finding in Sec. VI.
II. DIMENSIONLESS PARAMETERS
The electrons in dense plasmas and WDM are char-
acterized by two dimensionless parameters: rs = a/aB
and θ = kBTe/EF ; here a is the mean distance between
electrons, aB is the first Bohr radius, EF is the Fermi en-
ergy, and ne (Te) is the electronic number density (tem-
perature). Being classical particles, the ions are char-
acterized by a singe parameter—the coupling parameter
Γ = (Ze)2/(aikBTi), where Z is the ion charge number
and ai = (4pi/3 ni)
−1/3 the mean distance between ions
(with the number density ni, and the ion temperature
Ti).
For partially and strongly degenerate electrons, the pa-
rameter rs represents a coupling parameter [4, 47] and
defines the density of the electrons via the relation ne '
1.6 × 1024 r−3s . The degeneracy parameter θ indicates
degree of quantum degeneracy [47] and for partially de-
generate electrons it holds θ ∼ 1. The temperature of the
electrons is expressed through the coupling and degener-
acy parameters, rs and θ, as T ' (θ/r2s) · 0.58× 106 K.
In this work, we consider correlated electrons at rs = 1,
rs = 2, and rs = 4 in the range of degeneracy parameters
from θ = 0.5 to θ = 4.0, i.e., density and temperature in
the range 1.6 × 1022 cm−3 . ne . 2.5 × 1024 cm−3 and
2 × 104 K . Te . 2.3 × 106 K, respectively. These are
standard experimental parameters for dense plasmas and
WDM, see, e.g., Refs. [2, 11, 48, 49].
For the energy loss properties, one additional param-
eter is given by the projectile velocity v divided by a
characteristic velocity of the electrons. For partially de-
generate electrons, it holds kBTe ∼ EF and, thus, both
the thermal velocity vth =
√
kBTe/me and the Fermi
velocity vF = ~kF /me are relevant quantities (where
kF = (3pi
2ne)
1/3). Therefore, we present the dependence
of the energy loss properties on both v/vth and v/vF .
III. THEORY
A. Dynamic density response and dielectric
function
The density response function is an invaluable quan-
tity, which contains the full information on both the
static and dynamic properties of electrons, such as the
spectrum of excitations and the (free) energy [50, 51]. It
is convenient to decompose the full response function χ
into the following form [52]:
χ−1e (k, ω) = χ
−1
0 (k, ω) +
4pie2
k2
[G(k, ω)− 1] , (1)
where χ0 is the ideal density response function of the
electrons and G is the local field correction (LFC), which
incorporates all electronic correlation effects.
We note that the density response function is con-
3nected to the dielectric function via the relation:
−1(k, ω) = 1 +
4pie2
k2
χe(k, ω). (2)
When electronic correlations are ignored, i.e.,
G(k, ω) = 0, the description reduces to a mean field ap-
proximation – the random phase approximation (RPA).
Thus, the comparison of the various approaches to RPA
results serves as a tool for the evaluation of the impor-
tance of electronic correlations (see, e.g., Refs. [6, 49, 53]),
and we do the same in the present work.
Over the years, many approximate models for the LFC
have been introduced to go beyond RPA [39, 40, 54–57],
with the approach by Singwi et al. [39, 40] (STLS) and
the RTA [58] (Mermin) being among the most popular
ones. Yet, their respective accuracy has remained un-
clear. In the light of the recent ab inito data for both
the dynamic and the static response function [31–33], it
has become possible to check the validity range of these
models regarding different physical properties, which we
do in this work for the energy loss and related quantities.
B. Density response function and LFC from ab
initio simulations
Until the early 1990s, no accurate data for the LFC had
been available, and use was made of partly uncontrolled
approximations, that are known to violate different con-
straints [6, 55]. This situation has somewhat changed
only when Moroni et al. [59, 60] presented the first reli-
able data for the static LFC by carrying out ground-state
QMC simulations with a harmonic perturbation and sub-
sequently measuring the response. These data (available
at θ = 0 and rs = 2, 5, and 10) were then used by Cor-
radini et al. [61], who presented a consistent analytical
representation of G(k; rs, θ = 0) incorporating the cor-
rect large- and small-q limits known from theory [55, 62].
Yet, these results were limited to θ = 0, and their ap-
plicability for WDM conditions remained unclear [34, 35].
This situation has recently changed, when Dornheim et
al. [31] presented a complete, continuous representation
of G(k; rs, θ) covering the entire relevant parameter range
(0.7 ≤ rs ≤ 20, 0 ≤ θ ≤ 4, and 0 ≤ k ≤ 5kF). This was
achieved by combining the Corradini representation in
the ground-state limit with extensive new ab initio path
integral Monte Carlo data for the static LFC at finite
temperature to train a fully connected deep neural net-
work (NN). The latter takes as input a tuple of the form
(k/kF, rs, θ) and predicts the corresponding LFC with
high accuracy within the specified parameter regime. For
completeness, we mention that accurate data for the LFC
at even lower density, rs ≥ 20, have recently been pre-
sented in Ref. [51].
Although these new data are restricted to the static
limit (ω = 0), it was shown in Refs. [32, 33] that the
frequency-dependence of G(k, ω) has negligible impact
on the dynamic density response of the electrons for rs .
4. Thus, the available data for the static LFC are fully
sufficient for the present study of the electronic energy
loss properties.
C. STLS model for the LFC
The basic assumption of the STLS approach intro-
duced by Singwi et al. [39] is that the two-particle distri-
bution function f(r,p, r′,p′) can be approximated by
f(r,p, r′,p′) = f(r,p, )f(r′,p′)g(|r− r′|) , (3)
with g(|r − r′|) being the radial pair distribution func-
tion of the electrons evaluated in thermodynamic equi-
librium. In particular, STLS-based methods were exten-
sively applied to study the energy loss in dense plasmas
and WDM [23, 29, 63–66].
The STLS approximation is defined by the following
equation for the static LFC:
GSTLS(k, 0) = − 1
n
∫
dk′
(2pi)3
k · k′
k′2
[SSTLS(k− k′)− 1] ,
(4)
where the fluctuation-dissipation theorem is used as the
closure relation for the static structure factor SSTLS,
SSTLS(k) = − 1
βn
∞∑
l=−∞
k2
4pie2
(
1
(k, zl)
− 1
)
. (5)
The inverse dielectric function is then computed via
Eq. (2) using χ0 and G
STLS. Further, we mention that
the summation in Eq. (5) is typically carried out in
imaginary-time, leading to the Matsubara frequencies,
zl = 2piil/β~.
D. Relaxation time approximation (RTA)
The RTA is among the most widely used approxima-
tions to account for inter-particle correlations. From a
quantum kinetic theory perspective, it is based on the
introduction of a constant relaxation time τ = 1/ν for
the transition of the quantum distribution function to an
equilibrium state [41, 67].
The RTA (Mermin) quantum dielectric function [58]
reads:
M (k, ω) =
1 +
(ω + iν)[RPA(k, ω + iν)− 1]
ω + iν[RPA(k, ω + iν)− 1]/[RPA(k, 0)− 1] , (6)
where ν denotes the apriori unknown electron colli-
sion frequency. In general, both electron-electron and
electron-ion collisions can be included into ν. In this
work, we study the energy loss properties of an electron
gas and, therefore, consider only the contribution due to
electron-electron collisions, ν = νee. Among other ap-
plications, the Mermin dielectric function was often used
to compute the stopping power of dense plasmas and to
analyze the impact of correlation effects [22–24, 66].
4E. Energy loss properties
The stopping power represents the mean energy loss of
a projectile, δE, per unit path length δl, i.e. S = δE/δl.
The standard expression for the stopping power acting
upon an ion due to the polarization of the surrounding
electronic medium in plasmas reads [68]:
S(v) =
2Z2e2
piv2
∫ ∞
0
dk
k
∫ kv
0
dω ω Im
[ −1
(k, ω)
]
, (7)
where Ze is the ion charge and v is the ion velocity.
Eq. (7) constitutes the linear response result, which is ap-
plicable for low-Z projectiles, i.e., when the ion-electron
coupling is weak [29].
At small projectile velocities v/vth  1, the stopping
power due to free electrons [cf. Eq. (7)] is linearly propor-
tional to the projectile velocity. This is the motivation
to introduce the so-called friction function Q(v), which
is defined by the relation [63]:
S(v) = Z2e2Q(v) · v , (8)
which is a constant at low v. As mentioned in the In-
troduction, an important quantity for the simulation of
non-ideal ion dynamics in WDM and in dense plasmas
is the friction coefficient, which can be computed if the
friction function is known. We discuss the friction force
acting on ions in Sec. V after presenting results for the
friction function.
Another energy loss property of interest is the energy-
loss straggling rate, Ω. The straggling rate describes the
statistical fluctuations of the stopping power [68] and can
also be understood as the variance of the energy loss per
unit path length [22],
Ω2 =
〈(δE − 〈δE〉)2〉
δl
. (9)
Therefore, the straggling rate characterizes the variance
of the energy loss of the projectile in a target and is, thus,
related to the statistical distribution of the penetration
depth of the projectiles as well as of the stopping range
(see, e.g., Refs. [22, 68]). Within linear response theory,
the result for the struggling rate on the same level of
approximation as Eq. (7) reads [22, 68]:
Ω2 =
2Z2e2~
piv2
∞∫
0
dk
k
kv∫
0
dω ω2 [2N(ω) + 1] Im
[ −1
(k, ω)
]
,
(10)
where N(ω) = (exp(~ω/kBTe)− 1)−1 is the Planck
(Bose) function.
In the following, the results computed using the static
LFC from the QMC based machine-learning representa-
tion [31] will be referred to as QMC results. Correspond-
ingly, similar short references will be used for the RPA,
STLS and Mermin dielectric function-based results.
FIG. 1. (a) Stopping power and (b) friction function at rs = 2
and θ = 1. The data were obtained using QMC and STLS
static local field corrections, the Mermin dielectric function
(with ν = 0.22ωp), and RPA.
IV. NUMERICAL RESULTS AND DISCUSSION
A. Stopping power and friction function
Let us start our investigation at rs = 2 and θ = 1 which
are typical WDM conditions, where both thermal effects
and electronic correlations are important. In Fig. 1, we
show the stopping power and straggling rate, where the
lower x-axis corresponds to v/vth and the upper x-axis
to v/vF . It is customary and natural to express the elec-
tronic stopping power S in units of (ZekF )
2, so that
S/(ZekF )
2 does not depend on the ion charge. Using
S/(ZekF )
2 and the thermal velocity, we express the fric-
tion function in dimensionless form as Q/(k2F /vth).
At rs = 2 and θ = 1, we set for the electron-electron
collision frequency νee/ωp = 0.22 in the Mermin dielec-
tric function, with ωp being the usual plasma frequency of
the electrons. In particular, this value of νee reproduces
the QMC static local field correction based result at in-
termediate velocities v ≈ vth [cf. Fig. 1(a)] and is in ac-
cordance with a model for the electron-electron collision
frequency developed for the computation of the trans-
port properties of quantum plasmas in neutron stars and
5white dwarfs [69, 70], which also was used to study the
stopping power and straggling rate by Barriga-Carasco
et al. [22, 71]. We note that there exists an abundant
literature on the models for the collision frequency (e.g.,
see Refs [69, 70, 72–74]). While a detailed analysis of ν
is beyond the scope of the present work, the comparison
of the Mermin results to the QMC data that can be con-
sidered benchmarks, allows us to draw important general
conclusions about the RTA below.
First of all, by comparing the RPA and QMC results
in Fig. 1(a), we see that at rs = 2 and θ = 1 the ef-
fects of electronic correlations are important at v/vth < 3
(v/vF < 2) and lead to larger values of the stopping
power, but the velocity corresponding to the maximum of
the stopping power remains almost unchanged. At higher
velocities, v/vth > 3 (v/vF > 2), the difference between
QMC and RPA results vanishes. Secondly, from Fig. 1(a)
we observe that the STLS result is in remarkably good
agreement with the QMC data. This point is discussed
below. The third observation is that the Mermin dielec-
tric function-based result (with νee/ωp = 0.22) is in good
agreement with the QMC result, up to v = 2vth. At
larger velocities, the Mermin result significantly under-
estimates the stopping power compared to both QMC
and RPA. At θ ∼ 1, such a behavior of the RTA result,
as compared to the RPA, is typical and was also reported
in previous studies, see Refs. [71, 75]. Moreover, as shown
in Fig. 1(a), we note that the computed QMC, STLS, and
RPA results obey the correct Bethe limit at large veloci-
ties, i.e., S → (Zeωp/v)2 log[2mev2/~ωp], at v →∞ [29].
At small values of the projectile velocity, the stopping
power decreases, and so does the difference between dif-
ferent models. A better picture about the impact of
electronic correlations at small velocities is revealed by
considering the friction function. Just as for the stop-
ping power, the comparison of the STLS based result to
QMC data in Fig. 1(b) shows very good agreement be-
tween them. From Fig. 1(b) we see that, at v  vF ,
the friction function is constant, which is similar to the
ground-state limit [76]. At rs = 2 and θ = 1, the QMC
based result shows that the friction function is constant
at v/vF < 0.5 (v/vth < 0.8). Note that the RPA result
goes to a constant value with decreasing v, starting from
larger velocity, v/vF < 0.9 (v/vth < 1.5). At rs = 2 and
θ = 1, electronic correlations taken into account using
the QMC LFC lead to a ∼ 22% increase in the friction
function, as compared to the RPA. Note that for the max-
imum of the stopping power, at v/vth ' 2.7 (v/vF ' 1.9),
the increase due to electronic correlations is only ∼ 5%,
and at 1 ≤ v/vth ≤ 2 it is about 10%. Therefore, the
friction function constitutes a highly sensitive measure
to electronic non-ideality effects.
From Fig. 1(b), one can see that the relaxation time
approximation (with νee/ωp = 0.22) becomes constant at
smaller velocities v/vth < 0.4 (v/vF < 0.5) compared to
both QMC and RPA results. Moreover, despite a good
agreement with QMC result for the stopping power at
v ≈ vth, the Mermin dielectric function based result over-
FIG. 2. Stopping power for rs = 2 at (a) θ = 0.5 and (b)
θ = 2.0. The data were obtained using QMC, STLS, and
RPA.
estimates the value of the friction function by 9% com-
pared to QMC based result at v/vth < 0.4. Essentially,
a straightforward check by the variation of the collision
frequency shows that the collision frequency cannot be
adjusted in a way that the Mermin result comes to agree-
ment with the QMC based data at all considered veloc-
ities for both stopping power and friction function. We
thus conclude that the relaxation time approximation has
severe limitations regarding the description of the stop-
ping power and friction function at WDM conditions.
Now we extend our analysis of the QMC based results
at rs = 2 by comparing them to STLS and RPA results
at different values of the degeneracy parameter θ. To
this end, we show the stopping power at θ = 0.5 and
θ = 2 in Fig. 2. It can be clearly seen that at both
temperatures the STLS results for the stopping power
and friction function remain in good agreement with the
QMC curve. Similar to θ = 1.0 case, the electronic cor-
relations do not significantly affect the position of the
stopping power maximum at θ = 0.5 and θ = 2 . Going
to higher temperatures at a constant density decreases
correlation effects, and the difference between RPA and
QMC (STLS) results at small to intermediate values of
the velocity decreases (compare Fig. 2(b) to Fig. 2(a) and
6FIG. 3. Friction function at rs = 2 is presented for (a) θ = 0.5,
and (b) θ = 2.0 and θ = 4.0.
FIG. 4. Static local field correction at rs = 2 and different θ.
The STLS result and QMC based machine learning represen-
tation [31] are shown.
Fig. 1(a)). Consequently, we find deviations in the max-
imum stopping power in RPA of ∼ 2% at θ = 2, and it
even vanishes at θ = 4.
In Fig. 3, we show the friction function at θ = 0.5 (a)
and θ = 2, 4 (b). At the lowest depicted temperature,
the STLS static LFC slightly overestimates the small ve-
locity limit of the friction function by 3% compared to
QMC based data. At θ = 2 and θ = 4, the difference be-
tween STLS results and QMC results is negligible. With
decreasing temperature, the difference between the QMC
and RPA results for the friction function in the small ve-
locity limit v  vth increases from 22% for θ = 1 to 33%
for θ = 0.5. Moreover, the difference between QMC and
RPA results at v  vth reduces to 10% at θ = 2 and to
6% at θ = 4. In addition, taking into account correla-
tions, the maximal value of the velocity up to which the
friction function is constant reduces from v/vth = 1 at
θ = 0.5 to v/vth = 0.4 at θ = 4.0. The same behavior
also holds for the RPA result.
To understand the reason for the remarkable agree-
ment between the STLS and QMC results at rs = 2, we
compare the static LFC from the QMC based machine
learning representation [33] to the STLS static LFC in
Fig. 4 for different values of the degeneracy temperature
θ. We find that the STLS static LFC attains values that
are close to the QMC data for wave numbers k ≤ 1.5 kF ,
but exhibits significant deviations for k > 1.5 kF . There-
fore, taking into account the previously observed agree-
ment between STLS and QMC for the stopping power
and friction function we conclude that the stopping power
and related friction function are not sensitive to the LFC
values at k > 1.5 kF . This is due to the pre-factor 4pi/k
2
in Eq. (1), which suppresses the effect of LFC at large k.
To further support this finding, we next consider rs = 4,
where electronic correlation effects are even more impor-
tant.
In Figs. 5 and 6, we show the stopping power and fric-
tion function at rs = 4 for three values of θ. Remark-
ably, here, too, we observe that the STLS result is in very
good agreement with QMC based data. The correspond-
ing data for the static local field correction at the same
conditions are shown in Fig. 7. Again, we find that STLS
constitutes a decent approximation to the exact LFC for
intermediate k, where the impact of the LFC on observ-
able properties is most pronounced, whereas the striking
deviations at k & 2kF are of almost no consequence.
Comparing the QMC results to the RPA results, we
see from Figs. 5 and 6 that the increase of the electronic
coupling parameter from rs = 2 to rs = 4 leads to a
further increase of the effect of electronic correlations,
and the quality of the mean field approach deteriorates.
At 1 < v/vth < 3 and rs = 4, the electronic correlations
cause an increase of the stopping power by about 25% at
θ = 0.5 and θ = 1.0. This number decreases to about
10% for θ = 2.0.
The friction function is affected by the inclusion of the
electronic non-ideality more strongly than the stopping
power, similar to the rs = 2 case. At θ = 0.5, electronic
correlations result in a significant (78%) increase of the
friction function in the small velocity limit. Upon in-
creasing the degeneracy parameter to θ = 1.0 (θ = 2.0)
this number drops to 46% (20%), but clearly remains
significant. From the QMC results for rs = 4 shown in
7FIG. 5. Stopping power at rs = 4. Results are presented for
(a) θ = 0.5, (b) θ = 1.0, and (c) θ = 2.0.
Fig. 6, we see that, at 0.5 ≤ θ ≤ 4, the friction func-
tion can safely be considered as constant at velocities
v/vth ≤ 1 .
Let us now turn to the weaker coupling with rs = 1
to further analyse the impact of the static LFC on the
energy loss characteristics and, in this way, to gauge the
importance of electronic non-ideality effects. We note
that this case is particularly interesting as rs = 1 ap-
proximately constitutes the boundary between the ideal
and non-ideal regimes for partially (or strongly) degen-
erate electrons.
FIG. 6. Friction function at rs = 4. Results are presented for
(a) θ = 0.5, (b) θ = 1.0, and (c) θ = 2.0.
At θ = 0.5 and θ = 1.0, the stopping power and friction
function are presented in Figs. 8 and 9. From Fig. 8, we
clearly see that, at rs = 1, the effect of the electronic cor-
relations is significantly reduced compared to rs = 2 and
rs = 4 cases due to weaker coupling. In contrast, but
just as in the previously considered cases of rs = 2, 4,
electronic correlations do have a strong impact on the
friction function. At θ = 0.5, the small velocity limit of
the friction function increases by 20% due to the elec-
tronic non-ideality. This number drops to 5% at θ = 1
and, at θ = 2.0, the electronic correlations can be safely
neglected, i.e., RPA provides an accurate description of
the friction at θ ≥ 2.0.
Additionally, one can note from Fig. 8 that the STLS
8FIG. 7. Static local field correction at rs = 4 and different θ.
The STLS result and QMC based machine learning represen-
tation [31] are shown.
FIG. 8. Stopping power at rs = 1. Results are presented for
(a) θ = 0.5 and (b) θ = 1.0.
results are in excellent agreement with the QMC based
data, i.e., the relative agreement between the STLS and
QMC results is even better than at rs = 2 and rs = 4.
The same is true for the friction function (see Fig. 9).
FIG. 9. Friction function at rs = 1 . Results are presented for
θ = 0.5, θ = 1.0, and θ = 2. Curves of the friction function
for different θ are shifted vertically for clarity.
FIG. 10. Static local field correction at rs = 1 and differ-
ent θ. The STLS result and QMC based machine learning
representation [31] are shown.
We compare the static LFC from STLS and from QMC
in Fig. 10 for rs = 1 and different θ. From this figure, we
clearly see that the agreement between STLS and QMC
results for the static LFC has been improved at small
wave numbers k/kF < 1.5 and decreases with rs from
rs = 2 (rs = 4) to rs = 1, but, at larger wave numbers,
the difference between STLS and QMC data remains sig-
nificant. Taking into account the results for rs = 2 and
rs = 4, this means that, for such energy loss character-
istics as the stopping power and friction function, the
accurate description of the static LFC at small but finite
wave numbers k/kF . 1 is decisive.
9FIG. 11. Straggling rate at rs = 2. In top subplot (a), the
straggling rate for θ = 1.0 is given. For other different values
of θ, the straggling rate is shown in subplot (b), where curves
for different θ are shifted vertically for clarity.
B. Straggling rate
To get a more complete picture on the energy loss prop-
erties of free electrons at WDM conditions, we consider
next the straggling rate. To this end, we show the strag-
gling rate in units of ΩB = 4pineZ
2 (Bohr value for the
straggling [68]) at rs = 2 and different values of θ in
Fig. 11. Similarly to the stopping power, the STLS re-
sult is in agreement with the QMC data for all considered
θ. At θ = 0.5 and θ = 1.0, the electronic correlations
lead to an increase in the straggling rate by about 20%
at 1 ≤ v/vtm ≤ 2 and the difference between the QMC
and RPA results rapidly vanishes outside of this range of
projectile velocities. As usual, upon increasing the de-
generacy parameter the effect of the correlations reduces
and becomes negligible for θ > 2.0. Note that the QMC,
STLS and RPA results exhibit the correct asymptotic
Bohr value at large velocities, i.e., Ω→ ΩB at v  vth.
In Fig. 11(a), we also compare the Mermin dielectric
function result with νee/ωp = 0.22 to QMC, STLS and
FIG. 12. Straggling rate for different values of the degeneracy
parameter at (a) rs = 4 and (b) rs = 1. Curves for different
θ are shifted vertically for clarity.
RPA. Firs of all, from Fig. 11(a) we find that the Mermin
result is in very good agreement with QMC and STLS at
v/vth < 3. However, at 3 < v/vth < 10 the Mermin re-
sult substantially underestimates the straggling rate and
tends to the Bohr limit at larger velocities. This behav-
ior at θ ∼ 1 of the Mermin straggling rate compared to
that obtained using RPA is quite general and was also
reported in Ref. [22] for other parameters.
In Fig. 12, we present the corresponding results for
rs = 4 and rs = 1 at different values of the degener-
acy parameter θ. Evidently, the qualitative behavior of
the strangling rate as a function of velocity at these pa-
rameters is similar to the previous case of rs = 2. At
rs = 4, as one may expect, including a static LFC has a
stronger impact on Ω. From Fig. 12(a) it is clear that at
rs = 4 the electronic correlations cannot be neglected for
0.5 ≤ θ ≤ 2. Still, we note that the STLS results remain
in close agreement with the QMC results due to discussed
agreement of the corresponding static local field correc-
tions (cf. Fig 7). At rs = 1, the RPA provides more
accurate description of the straggling rate and electronic
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correlations are less significant (see Fig. 12(b)).
V. IMPLICATIONS FOR THE LANGEVIN
DYNAMICS OF IONS
Let us now return back to the friction function and dis-
cuss in more detail the implications of our results for the
Langevin dynamics of ions. In fact, the electronic friction
can be used as a correction to the Born-Oppenheimer
approximation when both ions and electrons are simu-
lated [77]. More specifically, within the standard Born-
Oppenheimer approximation the electronic force acting
on the ions is computed under the simplifying assumption
that the ions are seen as immobile from the perspective
of electrons. This is justified by the large mass differ-
ence, i.e., the ions are screened statically [49, 53, 78, 79].
However, the motion of the ion leads to a deformation
of the screening cloud around the ion, and deviations
from the simple spherical symmetry appear[80–84]. This
asymmetry in the polarization of the electrons around
the ion leads to an additional electron drag force, which
can be understood as a friction force. Indeed, from the
presented results we see that at relatively small veloci-
ties v/vth . 1, the polarization induced friction function
is constant (see Figs. 1(b), 3, 6, and 9). This means that
at these velocities the friction force acting on the ion is
linearly proportional to the ion velocity. This, in turn,
allows one to use standard Langevin dynamics for the
ions to go beyond the Born-Oppenheimer approximation.
Here it is important to note that the thermal velocity
of the electrons is much larger than the thermal veloc-
ity of ions, since we have vth = (Te/Ti)
1/2(M/me)
1/2vith,
where vith is the thermal velocity of ions and M is the ion
mass. Therefore, the condition v/vth . 1 is equivalent to
v/vith . (Te/Ti)1/2(M/me)1/2. Taking into account that
M  me, we conclude that, if the ions are in equilibrium
with a Maxwell distribution for their velocities, the fric-
tion force is linearly proportional to the velocity for the
overwhelming majority of ions. Nevertheless, there is al-
ways a small fraction of ions with v/vth > 1 (v/v
i
th  1)
for which standard Langevin dynamics is not applica-
ble. For a correct evaluation of the applicability of the
Langevin approach, the number of such ions should be
tracked during simulation.
The Langevin equation of motion for the ion trajectory
reads [85]:
M r¨i =
∑
j 6=i
Fij − γM r˙i + fi(t), (11)
where Fij is the force of ion i on ion j (taking into account
the static polarization of the electronic medium), γ the
friction coefficient, and fi(t) is a Gaussian random force
term [85]. Here we denote the friction coefficient as γ to
avoid possible confusion with the collision frequency in
the Mermin dielectric function (6).
Recalling that the stopping power can be understood
as the work by a friction force, i.e. S = δE/δl = γM |r˙|,
we find that the friction function defined by relation
Eq. (8) is related to the friction coefficient γ by:
γ(θ, rs) =
Z2e2
M
Q(θ, rs, v)
∣∣
v/vth1, (12)
where we used the modulus of the ion velocity |r˙| = v.
The quantity needed for the Langevin dynamics of
ions is γ/ωpi, where ωpi is the plasma frequency of the
ions. To evaluate γ/ωpi for WDM, we consider a two-
component system of ions and electrons with ne = Zni,
and recast γ/ωpi into the form:
γ
ωpi
= 5× 10−2 Γ1/2
(
Ti
Te
)1/2
Z2/3
A1/2
Q∗(θ, rs), (13)
where A is the mass number of an ion (atom) and
Q∗(θ, rs) = Q/(k2F /vth) = const is the dimensionless
value of the friction function at v  vth.
Using the data for the QMC friction function presented
in Figs. 1(b), 3, 6, and 9, we compiled Q∗(θ, rs) values
for different rs and θ in Table I. These data show that, at
0.5 ≤ θ ≤ 2.0, the friction function exhibits a rather weak
dependence on θ. For all considered rs values, we note
that, at fixed rs (density), the value of Q
∗(θ, rs)—and
equivalently of γ—first increases with increasing degen-
eracy parameter (temperature) from θ = 0.5 to θ = 1.0,
but then decreases with further increase of the degen-
eracy parameter to θ = 2.0. This non-monotonic de-
pendence of the friction Q∗(θ, rs) is the result of the in-
terplay between Pauli blocking and thermal excitations
and can be understood as follows: At low temperatures
(θ  1), most of the electrons occupy energy levels below
the Fermi energy and are not excited (scattered) by the
relatively slowly moving ions [86]. Upon increasing the
temperature (so that θ ∼ 1), more electrons are excited
to energies outside the Fermi sphere and, therefore, con-
tribute to the scattering process, which, in turn, leads to
an increasing friction. A further increase of the tempera-
ture to weak degeneracy (θ > 1) makes the electrons less
correlated, so that friction decreases again.
Using the QMC based data for Q∗(θ, rs) and Eq. (13),
we can now estimate γ/ωpi for experimentally realized
WDM conditions and dense plasma parameters. As an
example, we take parameters of a non-ideal plasma from
(i) the direct-drive inertial-confinement-fusion (ICF) ex-
periments on OMEGA [11, 87] and (ii) parameters of
WDM from experiments on solid Be heated by (4−5) keV
pump photons [88]. For the case (i), considering a hydro-
gen plasma with Te/Ti = 1, Γ = 6, rs = 2 and θ = 0.5 we
find γ/ωpi ' 0.012. For the case (ii), we find γ/ωpi ' 0.01
for beryllium at WDM conditions with Te/Ti = 1, Z = 2,
Γ = 10, rs = 2 and θ = 1.0.
We note that for the presented examples, the previ-
ously used Rayleigh model for the friction by free elec-
trons [42, 43], γ = 2piZ(me/M)(vth/ai), overestimates
the friction coefficient, compared to our new QMC-based
results, by about three and two times for the cases (i)
and (ii), respectively.
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TABLE I. Values of the normalized friction function,
Q∗(θ, rs), for different values of rs and θ.
θ 0.5 1.0 2.0
rs
4.0 0.1540 0.178 0.1720
2.0 0.0989 0.110 0.1050
1.0 0.0636 0.070 0.0626
To get a picture about the importance of friction with
γ/ωpi ≈ 0.01, we refer to a recent analysis of the dynam-
ical structure factor of a one-component Yuakwa system
by Ka¨hlert [45], where it was shown that, at Γ = 10, a
friction coefficient γ/ωpi = 0.01 is sufficient to decrease
the dynamical structure factor peak height at kai = 0.25
by a factor two. In general, at γ/ωpi ≈ 0.01, sound
waves of the non-ideal ions are highly sensitive to fric-
tion [5, 45, 89].
VI. SUMMARY
First of all, the comparison of the QMC based results
to RPA allowed us to gauge the importance of electronic
correlations at typical WDM conditions. In particular,
we provide a quantitative analysis of electronic correla-
tion effects by considering partially degenerate electrons
with 1 ≤ rs ≤ 4. The electronic non-ideality increases
the stopping power (and straggling rate) up to about its
maximum, but has no impact at larger velocities. (Inter-
estingly, the same effect of electronic correlations has re-
cently been observed for ion stopping in correlated solids
[90]). At rs = 1, the account of correlation effects has
only a weak impact, which indicates that for rs < 1—in
contrast to the rs > 1 case—the electronic correlations
are not important for an accurate description of energy
loss characteristics.
Secondly, we compared our new QMC-based results to
those obtained using the Mermin dielectric function. The
corresponding analysis shows that the applicability of the
relaxation time approximation for the description of the
stopping power and straggling rate at WDM conditions
is restricted to low velocities v . vth. At larger velocities,
in addition to quantitative differences, the qualitative be-
havior of the Mermin stopping power and straggling rate
show significant discrepancies to the QMC based results.
Although the Mermin result for the stopping power can
be in a good agreement with the QMC based data at
v ≈ vth, the corresponding friction functions at v  vth
exhibit substantial differences. Moreover, adjusting the
collision frequency to fix the latter disagreement for fric-
tion function values results in a worsening of the perfor-
mance of the Mermin approach for the stopping power at
v ≈ vth. In a nutshell, the applicability of the relaxation
time approximation for the description of the energy loss
properties of correlated partially degenerate electrons is
severely limited.
Thirdly, we analysed the degree of approximation of
the static LFC needed to adequately describe energy loss
properties. This was done by comparing the data based
on the QMC results for the static LFC to that computed
using STLS. At 1 ≤ rs ≤ 4 and 0.5 ≤ θ ≤ 4, the STLS
static local field correction based data for the considered
energy loss properties is in remarkably good agreement
with the results obtained using the QMC based machine
learning representation of the static LFC. By compar-
ing the STLS and QMC data for G(k), we have found
the general conclusion that accurate data for the LFC
at k/kF . 1.5 are important for a correct description of
the stopping power, straggling rate and friction function.
If the latter requirement is fulfilled, even a significant
disagreement at larger wave numbers between the STLS
static LFC with that from QMC simulations is not criti-
cal. In other words, the considered energy loss properties
are not sensitive to the inaccuracy of the approximation
for the static LFC at larger wave numbers, k/kF > 2 at
the considered parameters.
Finally, we analyzed the friction function and the re-
lated friction coefficient of electrons at WDM conditions.
In particular, the electronic friction is of paramount im-
portance for the adequate Langevin dynamics simulation
of ions. Compared to the stopping power and straggling
rate, the friction function (coefficient) is much more sen-
sitive to the inclusion of the electronic correlations for
relatively low velocity of ions v . vTh. The electronic
correlations result in a significant increase of the friction
coefficient compared to RPA and cannot be neglected
at 1 ≤ rs ≤ 4 with θ ∼ 1. Moreover, we found that
the previously used Rayleigh model for electronic fric-
tion [42, 43] significantly overestimates the friction coeffi-
cient and is not applicable for WDM and non-ideal dense
plasma conditions. For experimentally obtained WDM
and dense plasmas with rs = 2 and θ ∼ 1, the friction
function is about γ/ωpi ≈ 0.01. Therefore, as discussed
in Sec. V, dissipation effects beyond Born-Oppenheimer
approximation are important for an adequate simulation
of the dynamical properties of non-ideal ions.
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